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Properties of Definite Integrals

In defining _j::’j'[_r} as a limit of sums 2 ¢, Ax;, we moved from left to right across the
interval [a. £]. What would happen if we integrated in the eppaosite direction? The integral
would become [, f(x) dx—again a limit of sums of the form X f(c;)Ax,—but this time
each of the Ax;'s would be negative as the x-values decreased from b to a. This would
change the signs of all the terms in each Riemann sum, and ultimately the sign of the def-

inite integral. This suggests the rule
& i i - + }' —
-pG(\JJ{ = j flx)dx = —J‘ f(x) dx. 3—-&5
fi (i} +l_

Since the original definition did not apply to integrating backwards over an interval, we
can treat this rule as a logical extension of the definition.

Although [a. a] is technically not an interval, another logical extension of the definition
is that [ f(x) dx = 0.

These are the first two rules in Table 5.3. The others are inherited from rules that hold
for Riemann sums. However, the limit step required to prove that these rules hold in the
limit (as the norms of the partitions tend to zero) places their mathematical verification
bevond the scope of this course. They should make good sense nonetheless,
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Suppose that f and g are continuous functions and that

2 5 5
J. f(x) dx = —4, j f(x)dx = 6, J g(x) dx = 8.
1 1 I

Use the rules in Table 5.3 to find each integral.

2 [
(a)Jg(x)dx 0 - (b)jg(x)dx = -

"

2 D
(c) J 3f(x)dx —12 . (d) f F&) de a0 I
I 2

5 5
(E)j LF(x) — glx)ldx =& (f)j [4f(x) — g(x)]dx 16 -
1 - ]
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EXAMPLE 2 Finding Bounds for an Integral
Show that the value of f{j V1 + cos x dx is less than 3/2.

SOLUTION

The Max-Min Inequality for definite integrals (Rule 6) says that min f+ (b — a) isa
lower bound for the value of _]::’ f(x) dx and that max f+ (b — a) is an upper bound.

The maximum value of V1 + cos x on [0, 1] is '\/’i, SO

|
j‘\/l +cosxdx =V2.(1 —0)=V2.
0

Since [ V1 + cos x dx is bounded above by V2 (which is 1.414..). it is less
than 3/2. Now try Exercise 7.
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Consider, then, what happens if we take a large sample of n numbers from regular

subinlcrvgls of the interval [, b]. One way would be to take some number c; from each of
the n subintervals of length

ﬁxzbba.{"g"a) | i
L-a 8
The average of the n sampled values is
Flen)shf(ea)st = shif (o dusanl bt & b
= :;'Ef(fd-) Jov?
k=1 i
B - 1 Ax Yooy

1 n
—_ —m' - Ef(fi)&x-
k=1

Does this last sum look familiar? It is 1/(b — a) times a Riemann sum for f on la, b]
That means that when we consider this averaging process as n—oo, we find it has @ limit

namely 1/(b — a) times the integral of f over [a, b]. We are led by this remarkable fact to
the following definition.
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